We show that the fermionization of the Monster CFT with respect to Z 2A is the tensor product of a free fermion and the Baby Monster CFT. The chiral fermion parity of the free fermion implies that the Monster CFT is self-dual under the Z 2A orbifold, i.e. it enjoys the Kramers-Wannier duality. The Kramers-Wannier duality defect extends the Monster group to a larger category of topological defect lines that contains an Ising subcategory. We introduce the defect McKay-Thompson series defined as the Monster partition function twisted by the duality defect, and find that the coefficients can be decomposed into the dimensions of the (projective) irreducible representations of the Baby Monster group. We further prove that the defect McKay-Thompson series is invariant under the genus-zero congruence subgroup 16D 0 of P SL(2, Z).
⊗(−1) Arf gauge Z 2A Figure 1 : The bosonization/fermionization of the Monster CFT with respect to the Z 2A and the Z 2B symmetries. Here "B&B" stands for the "Beauty and the Beast" N = 1 SCFT of [5] , while "Baby" and "MW" stand for the Baby Monster CFT and the Majorana-Weyl fermion, respectively. The Baby ⊗ MW fermionic CFT is invariant under stacking of the (1+1)d invertible spin TQFT (−1) Arf , since all its partition functions with odd spin structure vanish. Correspondingly, the Monster CFT is self-dual under the Z 2A orbifold.
Introduction
The Monster CFT [1] is a c = 24 holomorphic CFT without Kac-Moody symmetry. As the name suggests, it has an extremely rich global symmetry group, the Monster group, which is the largest sporadic finite simple group. The torus partition function of the Monster CFT is j(τ ) − 744, whose coefficients exhibit the Monstrous Moonshine [2, 3] , as originally observed by John McKay. Hence the very existence of the Monster CFT provides a physical explanation for the moonshine phenomenon. Monster CFT has also been proposed as a possible holographic dual for "pure" gravity in AdS 3 [4] .
The Monster group has two order two conjugacy classes, 2A and 2B. For each class, we pick one representative and denote it as Z 2A and Z 2B , respectively. Both Z 2A and Z 2B are non-anomalous, and their orbifolds give the Monster CFT and the Leech lattice CFT, respectively.
Given any (1+1)d bosonic CFT with a non-anomalous Z 2 global symmetry, one can fermionize it to obtain a fermionic CFT [6] [7] [8] [9] [10] . We find that the fermionization of the Monster CFT with respect to the Z 2A is the tensor product of the Baby Monster CFT and a Majorana-Weyl fermion, which are holomorphic, fermionic CFTs of central charge c = 47 2 and c = 1 2 , respectively. On the other hand, the fermionization with respect to Z 2B gives the "Beauty and the Beast" N = 1 SCFT [5] . See Figure 1 . This gives a physical interpretation for Höhn's construction of the Baby Monster super vertex operator algebra (VOA) [11] (see also [12] ) and Dixon, Ginsparg, Harvey's construction for the "Beauty and the Beast" VOA [5] as fermionization in (1+1)d quantum field theory.
The free fermion in the 2A-fermionized Monster CFT implies that there is a new (nonsymmetry) topological defect in the Monster CFT. Below we give an overview of the importance of the topological defects and their relation to global symmetries. In quantum field theory, every (q-form) global symmetry is associated with a (codimension-(q + 1)) topological defect (a.k.a. the charge operator) that implements the symmetry action [13, 14] . For a continuous ordinary (0-form) global symmetry, the topological defect is simply the exponentiation of the Noether charge. The converse is however not true: Not every topological defect is associated with a global symmetry. Such a defect is called a non-invertible defect, or sometimes dubbed a non-symmetry defect. The definition of a noninvertible defect is that it does not have an inverse under fusion; by contrast, the fusion of symmetry defects obeys the group multiplication rules, which in particular guarantees the existence of an inverse, and hence symmetry defects are invertible.
Topological Defects as Generalizations of Global Symmetries
It has been advocated that general topological defects should be thought of as generalizations of global symmetries/invertible defects [15, 16] (see Figure 2 ). In (1+1)d, the mathematical framework for the topological defect lines is the theory of tensor categories [17, 18] , which encodes rules for splitting and joining and should be thought of as generalizations of anomalies. 1 The power of anomaly matching is thereby also generalized. For instance, it was demonstrated in [16] that the non-invertible topological defects, just like ordinary global symmetries with 't Hooft anomaly, impose strong constraints on the renormalization group flows in (1+1)d.
In (1+1)d, it has been known for a long time that there exist duality defect lines [19-21, 16, 10] that are not associated with any ordinary global symmetry. The simplest example is the defect line N implementing the Kramers-Wannier duality in the c L = c R = 1 2 Ising CFT. The duality defect line N is not invertible because it obeys the fusion rule N × N = I + η, where η is the (invertible) topological defect line for the Z 2 global symmetry of the Ising CFT. Hence, the full fusion category of the (1+1)d Ising CFT includes both the Z 2 symmetry line η and the duality defect line N .
Therefore, understanding the topological defects is as fundamental as the understanding the global symmetry of a quantum field theory.
Duality Defects of the Monster CFT
With the modern perspective that topological defects are generalizations of global symmetry, it is natural to ask: What are the topological defect lines in the Monster CFT?
It turns out that just like the Ising CFT, the Monster CFT has a Kramers-Wannier duality defect line N . 2 This is expected by the observation that the Monster CFT is selfdual under the Z 2A orbifold, but the N line can be identified even more explicitly as follows. The Z 2A fermionization of the Monster CFT has a chiral fermion parity Z ψ 2 with one unit of the mod 8 't Hooft anomaly. Under bosonization, it was shown in [22, 10] (see also [23] ) that any fermionic Z 2 symmetry with this anomaly becomes the duality defect N of an Ising category in the bosonized theory.
We have therefore identified a non-invertible topological defect line in the Monster CFT. Since the duality defect N does not commute with the Monster group, it extends the latter into a larger tensor category of topological defect lines that contains the Ising category as a subcategory (see Table 1 ). 3 This Ising subcategory commutes with the double cover of the 2 In the Ising model, the Kramers-Wannier duality refers to the equivalence between the high temperature and low temperature phases away from the critical point. When traced back to the critical point, it reduces to the statement that the Ising CFT is self-dual under the Z 2 orbifold. The Monster CFT, by contrast, does not have any relevant deformation, and hence no low temperature phase to speak of. By the Kramers-Wannier duality of the Monster CFT, we only refer to its self-duality under the Z 2A orbifold. 3 The Ising category of the Monster CFT can be used to couple the CFT to the (2+1)d Ising × Ising TQFT as follows. We first couple the Monster CFT to a (2+1)d Z 2 gauge theory by gauging the Z 2A global symmetry. Because of the duality defect, the (1+1)d boundary preserves the 0-form Z em 2 global symmetry of the (2+1)d Z 2 gauge theory that exchanges the electric and the magnetic anyons [24, 10] . We then gauge the Z em 2 global symmetry, and the bulk becomes the Ising × Ising TQFT [25, 26] . The partition functions of this 2d-3d system with different anyon lines inserted are given by linear combinations of (5.5).
Global Symmetry
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Defect McKay-Thompson Series
The global symmetry of the Monster CFT allows us to twist the partition function (in the time direction) with different elements of the Monster group. 4 The resulting partition functions are known as the McKay-Thompson series. In the spirit that topological defects are generalizations of global symmetry, we should also consider partition functions twisted by the more general topological defect lines. We call the partition function twisted by non-invertible topological defects in the time direction the defect McKay-Thompson series. We will compute the torus partition function twisted by the duality defect N using the fermionization of the Monster CFT, and show that its coefficients can be decomposed into the dimensions of the 2.B irreps. We will also compute the more general partition functions twisted by both the duality defect line N line and the Z 2A line η.
The usual McKay-Thompson series has the remarkable property that it is the Hauptmodul of a genus-zero subgroup of P SL(2, R) [3, 27, 28] (see [29, 30] for physics explanations). Since the defect McKay-Thompson series is a natural generalization, it is interesting to investigate its modular property. We identify a genus-zero congruence subgroup 16D 0 of P SL(2, Z) that leaves the defect McKay-Thompson series invariant. However, by examining its poles, in particular the ones at τ = 0, i∞, we show that the defect McKay-Thompson series cannot be the Hauptmodul of its invariance group inside P SL(2, R).
Bosonic and Fermionic CFTs
It is important to distinguish between bosonic (non-spin) and fermionic (spin) QFTs. The former can be defined on manifolds without a choice of the spin structure, while the latter requires such a choice. For example, the Ising CFT with c L = c R = 1 2 (a.k.a. the (3, 4) minimal model) is a bosonic CFT whose torus partition function is unique. By contrast, a Majorana fermion (also with c L = c R = 1 2 ) is a fermionic CFT that has four torus partition functions associated with the four spin structures.
The most familiar bosonic CFTs are those that are invariant under the modular transformations (e.g. the Ising CFT). In particular, the modular invariance on a torus requires that the chiral central charge be a multiple of 24, i.e. c L − c R ∈ 24Z. More generally, we can relax this condition, and consider bosonic CFTs whose modular non-invariance can be cured by a (2+1)d bosonic gravitational Chern-Simons term. Since the latter has chiral central charge a multiple of 8, this more general class of bosonic CFTs must have c L − c R ∈ 8Z. The classic example is the holomorphic (E 8 ) 1 VOA with c L = 8 and c R = 0.
For a fermionic CFT (e.g. a Majorana fermion), we do not require modular invariance because different spin structures are generally permuted under modular transformations. Instead, we require that the partition functions associated with different spin structures transform covariantly under the modular transformations. Similar to the bosonic case, we can consider more general fermionic CFTs whose partition functions are modular covariant up to certain phases that can be canceled by a (2+1)d fermionic gravitational Chern-Simons term. Since the latter has chiral central charge a multiple of 1 2 , we allow the chiral central charge of a fermionic CFT to be c L − c R ∈ Z 2 . The simplest example is a Majorana-Weyl fermion with c L = 1 2 and c R = 0.
Global Symmetry of Fermionic Theories
In any fermionic theory, there is a canonical Z 2 global symmetry that shifts the spin structure. We will call it the fermion parity (−1) F . There are two sectors of operators in any fermionic theory, the NS sector and the R sector. The NS sector operators are local operators with integer or half-integer spin s, and the fermion parity (−1) F acts as (−1) 2s on them. By contrast, the R sector operators have spins that can be multiples of 1 16 , and can be thought of as non-local operators attached to the (−1) F defect line.
The global symmetry of a fermionic theory is defined to act on the NS sector local operators by linear representations. By contrast, on the R sector operators, the global symmetry might act projectively, or even become a non-group action [22, 10] . For example, consider N Majorana-Weyl fermions. The global symmetry contains an SO(N ), which rotates the N chiral fermions (which are in the NS sector) in the vector representation. The R sector operators are in the spinor representations of Spin(N ), i.e. they are in the projective representations of the global symmetry SO(N ).
Finally, the 't Hooft anomaly of a Z 2 global symmetry in a fermionic theory has a Z 8 classification [31] [32] [33] [34] . For example, the (−1) F fermion parity of N Majorana-Weyl fermions has N mod 8 anomaly.
Torus Partition Functions of Fermionic CFTs
On the torus, there are four spin structures whose corresponding partition functions sometimes admit interpretations as traces over Hilbert spaces: 
In this case, there is no Hilbert space interpretation for these partition functions because, for example, Z R (τ ) = √ 2q 1 16 − 1 48 + · · · does not have positive integer degeneracies. Nonetheless, these partition functions transform covariantly accordinfg to (2.2) under modular transformations.
Bosonization and Fermionization
As discussed above, the Ising CFT is a bosonic CFT, while a Majorana fermion is a fermionic CFT, and they should be not equated at face value. More precisely, they are related by bosonization and fermionization. We emphasize that, contrary to the common usage of these terms, bosonization/fermionization stands for a map between (inequivalent) bosonic and fermionic theories, instead of the equivalence of them.
Bosonization and fermionization in (1+1)d have been revisited from a modern point of view in [6] [7] [8] [9] [10] (see also [23, 22, 35, 36] ). We refer the readers to, for example, Section 3 of [10] for a detailed exposition.
Let us start with a fermionic CFT F with c L −c R ∈ 8Z. 5 We can sum over the spin structures to define the partition function of a bosonic CFT B. 6 This is the familiar bosonization procedure (also known as the GSO projection [37] ). Let Z F [ρ] be the partition function of the fermionic theory on a genus g Riemann surface Σ g with spin structure ρ, then the resulting bosonic partition function is
4)
where the sum s ∈ H 1 (Σ g , Z 2 ) is over all discrete Z 2 gauge fields for the (−1) F symmetry.
Here T ∈ H 1 (Σ g , Z 2 ) is the background Z 2 gauge field for the emergent Z 2 global symmetry of the bosonic theory B [6] . The Arf invariant Arf[ρ] is 0 if ρ is even and 1 if ρ is odd.
Conversely, we can fermionize B with respect to the emergent Z 2 global symmetry to get back to the original F. The fermionization can be described as first coupling B to the nontrivial, invertible (1+1)d spin TQFT (−1) Arf[ρ] , and then gauging a diagonal Z 2 global symmetry:
More generally, if we start with a bosonic CFT, we can fermionize it with respect to any non-anomalous Z 2 global symmetry to obtain a fermionic CFT. 7 Hence, the fermionization of a bosonic CFT may not exist or may not be unique; it depends on the choice of a nonanomalous Z 2 global symmetry.
For two theories related by bosonization/fermionization, what is the relation between their states/operators? For a bosonic CFT with a non-anomalous Z 2 global symmetry, we have the ordinary Hilbert space H corresponding to the local operators, and a defect Hilbert space H η , corresponding to non-local, point-like operators living at the end of the Z 2 topological defect line η. In each of H and H η , we can further divide them into the Z 2even/odd subsectors. All in all, we end up with four sectors of states in a bosonic CFT with a non-anomalous Z 2 symmetry: H ± and H ± η . 8 On the other hand, a general fermionic CFT also has four sectors of states: the (−1) F -even/odd NS sectors H ± N S and the (−1) F -even/odd R sectors H ± R . The identification is explained in Table 2 . 
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H + = H + N S 1 0,0 , ε 1 2 , 1 2 H − = H + R σ 1 16 , 1 16 H + η = H − R µ 1 16 , 1 16 H − η = H − N S ψ1 2 ,0 , ψ 0, 1 2
Baby Monster as a Fermionic CFT
The Baby Monster VOA [11] is a VOA with c = 47 2 that has three irreducible modules V Baby h labeled by their conformal weight h = 0, 3 2 , 31 16 . We interpret the h = 0, 3 2 modules as the NS sector operators (together they are known mathematically as the Shorter Moonshine Module), and the h = 31 16 operators as the R sector operators. Some more details of the construction as well as the characters and their modular properties are given in Appendix B.
The Baby Monster VOA is realized in a fermionic CFT with c L = 47 2 and c R = 0, whose torus partition functions are
Using the modular S and T matrices (B.5), one can check that these four partition functions obey the modular covariance of a fermionic CFT (2.2). Just like a single Majorana-Weyl fermion, the Ramond sector partition function Z Baby R does not admit a Hilbert space interpretation.
The global symmetry of the Baby Monster CFT is (−1) F × B [38] , where B is the Baby Monster group, the second largest sporadic finite simple group. As discussed in Section 2.1, while the global symmetry of a fermionic theory by definition acts linearly on the NS sector, it might act projectively on the R sector in the presence of a mixed anomaly between (−1) F and the global symmetry. It is known from Lemma 4.2.10 of [11] that the modules V Baby 0 and V Baby 3 2 can each be decomposed into irreps of B. On the other hand, V Baby 31 16 can only be decomposed into projective irreps of B, i.e. they are the irreps of the double cover 2.B of the Baby Monster group, but not of B. This is the effect of the mixed anomaly between (−1) F and B in the Baby Monster CFT that extends B to its double cover in the R sector.
The consistency of this theory beyond the torus partition functions has been studied in [39] . In particular, they computed the four-point conformal blocks for the Baby Monster VOA, but due to the large degeneracies of Baby Monster primaries, the OPE data cannot be simply solved by imposing crossing symmetry. In the next section, we provide an explicit construction of the Baby Monster CFT via fermionization of the Monster CFT.
Monster CFT and its 2A Fermionization
The torus partition function of the (holomorphic) c L = 24 and c R = 0 Monster CFT is
where J = j−744 with j being Klein's j-invariant. The Monster CFT has two non-anomalous Z 2 symmetries, usually denoted by Z 2A and Z 2B . We simply note that the fermionization with respect to the Z 2B gives the "Beauty and the Beast" N = 1 SCFT, and defer some more details to Appendix C. We now discuss in detail the fermionization with respect to the Z 2A .
We will denote the topological defect line associated with the Z 2A symmetry as η. The torus partition function Z η with a topological line η extended along the space direction (i.e. a Z 2A twist in the time direction, see (5.5)) is
The modular S transform of (3.2) is the partition function Z η with a topological line η extended along the time direction (i.e. a Z 2A twist in the space direction) [40] ,
where H η is the defect Hilbert space obtained by quantizing the Monster CFT with a Z 2A twist in the space direction. The torus partition function with twists in both the time and space directions is obtained by applying a T transform on Z η (τ ), i.e. Z η η (τ ) = Z η (τ + 1). Let us consider the fermionization of the bosonic Monster CFT with respect to the Z 2A symmetry. We will denote this fermionic theory by F. Its NS sector torus partition function is given by (see (2.5) and Table 2 for the general fermionization prescription)
Similarly, the R sector torus partition function is
(3.5) The signs in the above formulae are determined by the Arf invariant and the cup product between the Z 2 gauge fields as in (2.5) .
The presence of the 1 √ q term in Z F N S means that F contains a single free Majorana-Weyl fermion ψ(z) of weight h = 1 2 . This means that F takes the form 10
where F is a fermionic CFT with c L = 23 + 1 2 and c R = 0 (which will be identified as the Baby Monster CFT momentarily). We can thus write the NS sector partition function of F as
with Z Ising N S = θ 3 η and Z F N S given in (3.4) . Inverting this relation, we find that the NS sector partition function of F is (see Appendix B for the characters of the Baby Monster VOA)
This is precisely the Baby Monster CFT partition function (2.6). Thus, we identify F as the Baby Monster CFT. Indeed, the R sector partition function of F can also be written as
where the R sector partition function of the Baby Monster CFT is Z Baby
. From (2.5), we can further compute the NS and R sector partition functions of F with (−1) F inserted:
Note thatZ R = 0 because of the zero mode from the Majorana-Weyl fermion in F. Again, we find that the partition functions of F factorize into the product of that of the Baby Monster CFT and the free Majorana-Weyl fermion, There is a mathematical identity expressing the J-function in terms of the inner product of the three Ising and the Baby Monster characters [42] : (τ )χ Baby 31 16 (τ ) .
(3.11)
We can rewrite the above in terms of the torus partition functions of the four spin structures:
(3.12) This is simply the statement that the bosonization (2.4) of the fermionic CFT F (=Baby Monster ⊗ MW Fermion) is the Monster CFT. We have therefore given a physical interpretation of the bilinear relation (3.11) as a GSO projection.
Finally, let us comment what happens to the global symmetry upon bosonization. As discussed in Section 2.4, the global symmetry of the Baby Monster CFT is (−1) F ×B. Due to the mixed anomaly between (−1) F and B, the bosonization of F extends the Baby Monster group symmetry B to its double cover 2.B in the resulting bosonic theory, the Monster CFT. Indeed, the Monster group contains 2.B as a subgroup, but not B.
Duality Defect of the Monster CFT
The free fermion sector of F has a fermionic Z ψ 2 symmetry, the chiral fermion parity, that flips the sign of ψ(z),
As discussed in Section 2.1, this chiral fermion parity has one unit of the mod 8 anomaly.
Hence, under bosonization, it becomes a duality defect N of the Monster CFT [22, 10] . See Table 3 for the relations between Z ψ 2 , (−1) F of F and N , Z 2A of the Monster CFT.
The non-invertible duality defect line N is a not a symmetry defect. Rather, it satisfies the fusion rule:
where η is the Z 2A line. Indeed, we see that there is no inverse of N , so it is not an invertible defect. This is an example of how a symmetry defect of a fermionic theory becomes a noninvertible (non-symmetry) defect in the bosonized theory. Together with the identity line, they form the Ising category. 11 Table 3 : Under bosonization/fermionization, the fermion parity (−1) F is the emergent quantum symmetry of Z 2A , while the chiral fermion parity Z ψ 2 of the Majorana-Weyl fermion is extended to a non-invertible duality defect N in the Monster CFT B. The Baby Monster group B is extended to its double cover due to the mixed anomaly with (−1) F .
It was shown in Section 4.3.1 of [16] that the existence of the duality defect N implies that the bosonic theory is self-dual under the Z 2A orbifold Monster
Indeed, the torus partition function of the Z 2A orbifold partition function is
To be more precise, there are two fusion categories obeying the fusion rules (4.2), but with different F -symbols. They are collectively called the Z 2 Tambara-Yamagami fusion categories [43] . One of them is realized in the Ising CFT (and will be called the Ising category), while the other is realized in the SU (2) 2 WZW model (and will be called the SU (2) 2 category). More generally, the Spin(N ) 1 WZW model has the Ising category if N = 1, 7 mod 8, and has the SU (2) 2 fusion category if N = 3, 5 mod 8. The F -symbols of the these categories can be found in [43] (see also [16] ).
which equals the original Monster partition function Z(τ ) = J(τ ).
Duality Defect of the Ising CFT
How does the duality defect line act on the local operators? We refer the readers to [19, 16, 10] for detailed discussions on the duality defect line. Below we only give a lightening review. Using the duality defect N , we define a map on a local operator φ(x) as follows: We circle N around φ(x), and shrink the circle to produce another local operator (see Figure 3 ). We denote this map on the Hilbert space of local operators H as N : H → H. Since N is a topological defect line, it commutes with the stress tensor, and hence φ and N · φ have the same conformal weights h,h. If N were a symmetry defect, then N would have been the symmetry transformation on local operators and is in particular invertible. One characteristic feature of the duality defect is that N is non-invertible. From the fusion rule N × N = I + η, we see that the eigenvalues of N are
Indeed, the map N on the Z 2A -odd operators are non-invertible. In particular, an empty loop of the duality defect N is √ 2, which is its quantum dimension.
Let us illustrate this in the Ising CFT. The Z 2 line η acts on three primaries as
and the duality defect line acts as (τ ) .
The partition function Z N is realized by inserting a duality defect line along the time direction, and thereby twisting the space direction. We see that the defect Hilbert space H N contains four primaries with conformal weights (0, 1 16 ), ( 1 2 , 1 16 ), ( 1 16 , 0), ( 1 16 , 1 2 ). These correspond to non-local operators living at the end of the duality defect line N , so they do not need to be have integer spins. In fact, their spins are constrained to be s ≡ h −h ∈ ± 1 16 + Z 2 [16] .
Defect McKay-Thompson Series
In the following we will compute the torus partition functions of the Monster CFT twisted by the duality defect line N . In the fermionic theory F, the NS sector torus partition function with a Z ψ 2 line extended along the space direction is
Recall that the NS sector of F consists of the Z 2A -even subsector H + and the Z 2A -odd subsector H − η . From the spin selection rules derived in [16, 44] , H + only contains integer spin operators while H − η only contains half-integer spin operators. Therefore we can single out Z N by selecting the integer spin terms of Z ψ N S :
where we have written Z N in terms of the characters of the Ising CFT and the Baby Monster CFT. The overall factor of √ 2 is included such that the duality defect line N acts on the identity with the correct eigenvalue. Next, we perform the modular S transformation on Z N to obtain the spectrum of the defect Hilbert space of the duality line N : The conformal weights h are consistent with the spin selection rule for the defect Hilbert space H N derived in (6.5) of [16] :
(4.13)
Modular Properties
Let us discuss some properties of the defect McKay-Thompson series Z N (τ ). Let Γ 0 (N ) be the congruence subgroup of P SL(2, Z) defined as
We will show that Z N (τ ) is invariant under Γ 0 (8) up to a sign. The generators of Γ 0 (8) (viewed as a subgroup of P SL(2, Z) instead of SL(2, Z)) are
Using the expression for Z N in terms of the Ising and the Baby Monster characters (4.11), as well as their modular S and T matrices (B.5), we find The defect McKay-Thompson series is invariant under the subgroup of Γ 0 (8) that consists of the words formed by T, G 1 , G 2 with an even number of G 1 . In Appendix D we show that this subgroup is (the name of 16D 0 is taken from the classification of genus-zero congruence subgroups by [45] )
.
(4.17)
Below we record some of its known properties:
• It is genus-zero.
• It is a congruence subgroup at level 16, since we have Γ(16) < Γ 1 (16) < 16D 0 < Γ 0 (8). 13 • It is an index 24 subgroup of P SL(2, Z).
• Its cusps and their widths are: Let Γ N be the invariance group of Z N inside P SL(2, R) (instead of P SL(2, Z)). Could the defect McKay-Thompson series Z N be the Hauptmodul of Γ N ? If so, all the poles of Z N must be related to the cusp at τ = i∞ by the action of Γ N . However, Z N (τ ) diverges at τ = 0, as can be seen from its S transform Z N (τ ) given in (4.12) . Hence, for Z N (τ ) to be a Hauptmodul, the full invariance group must include an element γ ∈ P SL(2, R) that maps τ = i∞ to τ = 0. Such an element γ must be of the form
The condition Z N (γ · τ ) = Z N (τ ) is equivalent to 
Decomposition into the Baby Monster Representations
Let us next compute the partition functions of the Monster CFT restricted to different eigenvalues of N . From the fusion rule (4.2), the zero eigenvalue operators are the Z 2A -odd operators, which are the states in H − : The Z 2A -even states are further split into the N = ± √ 2 sectors, which are Interestingly, the first few irreps of of the Baby Monster group B are 1, 4371, 96255, and the smallest irrep of the double cover 2.B that is not of B is 96256. Indeed, the three partition functions Z N =± √ 2,0 can all be written in terms of the Ising and the Baby Monster characters, which are known to be decomposable into the 2.B irreps [11] . This generalizes the familiar fact that the coefficients of the 2A McKay-Thompson series Z η can be decomposed into the dimensions of the 2.B irreps.
The latter fact about the 2A McKay-Thompson series Z η can be physically understood as follows. Recall that Z η is the partition function with a Z 2A twist in the time direction. The centralizer of the Z 2A in the Monster group is 2.B, hence the coefficients of Z η can be decomposed into the irreps of 2.B (with signs). The same reasoning also applies to the duality defect N . In the fermionic theory F, the chiral fermion parity Z ψ 2 commutes with the symmetry group B of the Baby Monster CFT. Since the duality defect N comes from Z ψ of F (see Table 3 ), it commutes with the 2.B symmetry subgroup of the Monster CFT. This explains why the coefficients of Z N =± √ 2,0 can be decomposed into the dimensions of the 2.B irreps. Similarly, the degeneracies in Z N in (4.12) can be decomposed into the dimensions of 2.B irreps.
States with N eigenvalues + √ 2, − √ 2, 0 are analogous to the identity 1, the energy operator ε 1 2 , 1 2 , and the order operator σ 1 16 , 1 16 in the Ising CFT, respectively. We summarize this analogy in Table 4 . 15
Monster at h = 2 T (z), 1 ⊕ 96255 4371 96256 Table 4 : Analogy between the Ising CFT and the Monster CFT, in regards to the duality defect line N .
General Twisted Partition Functions
We can further compute more general torus partition functions twisted by the duality defect N and the Z 2A line η. We will use several of the F -moves of the duality defects and the Z 2A lines in the Ising category, which we refer the readers to Figure 31 of [16] .
To begin with, consider the partition function Z N N twisted by N in both the time and the space directions. As explained in [16] , partition functions involving an intersection of two topological defect line are generally ambiguous. To resolve the ambiguity, one needs to resolve the intersection. Out of the four possible resolutions shown in Figure 4 , only two of them are linearly independent upon using the F -moves of the topological defect lines (see Figure 5 ). 16 We will choose the two independent ones to be the ones with no intermediate 15 Note that the 96256 Virasoro primaries at h = 2 with N = + √ 2 should be decomposed into 1 ⊕ 96255 of B, rather than 96256 of 2.B, because the Baby Monster module h = 0 has the B symmetry and not the 2.B. By contrast, the 96256 Virasoro primaries of the N = 0 states should be identified with 96256 of 2.B, which is the symmetry of the Baby Monster module with h = 31 16 . 16 Note that there is no ambiguity in Z η η (τ ) = Z η (τ ± 1) for a non-anomalous Z 2 symmetry because the F -move is trivial. By contrast, the partition function with Z 2 twists in both the time and space directions is ambiguous for an anomalous Z 2 [44] . For this reason, we will use the same notationη both as a map on H and on the defect Hilbert space H η twisted by Z 2A . Figure 5 : F -moves relating the different resolutions for Z N N , Z η N , and Z N η . There are two independent resolutions for Z N N , and we choose to use the two without an intermediate η line. The replacement rule for the other two (the ones with an intermediate η line) can be obtained by solving the first two equations. There is one independent resolution for Z η N and Z N η , and we choose to use the ones on the left.
Next, we consider the partition function with N extended along the space direction and η extended along the time direction. Again, this twisted partition function has an ambiguity in the intersection between the two lines. In this case, the F -moves of the Ising category imply that they only differ by an overall sign, Figure 5 . From (2.5), we see that Z N − η comprises exactly of the half-integer power terms of the fermionic partition function Z ψ N S :
(5.
2)
The overall factor − √ 2i requires some explanation. On the ordinary Hilbert space H, the duality defect N defines a map N : H → H obeying N • N = I +η. Consequently, N has eigenvalues ± √ 2 and 0. However, on the defect Hilbert space H η of Z 2A , the fusion is modified in the following sense. Let us define the map N ± : H η → H η on the defect Hilbert space of Z 2A as in Figure 6 . Following a sequence of F -moves as in Figure 7 , we find that N + • N + = N − • N − = −I +η. Therefore, the eigenvalues of N + are ± √ 2i and 0. Between the two choices ± √ 2i of the overall factor, we claim that − √ 2i is the correct choice. We show this is in the next paragraph.
Applying the modular S transformation on Z N + η = −Z N − η given in (5.2), we get See Figure 5 for the meaning of Z η − N as a resolution of Z η N . Hereη ± : H N → H N are maps on the defect Hilbert space of N defined as in Figure 6 . Again by the F -move, we havê η + = −η − . It was shown in Section 6.1.1 of [16] 
Furthermore, theη − eigenvalue is determined by the spin s = h −h of the operator,
(5.4) See (6.4) of [16] with = +1 for the derivations. This spin selection rule is indeed consistent with our previously claimed sign choice for Z N − η , and would have been inconsistent with the other sign. To summarize, we have computed all the torus partition functions twisted by the Z 2A line η and the duality defect line N : ) χ Baby 31 16 ,
Here we write all the partition functions in terms of the Ising and the Baby Monster characters using Table 2 . Among the 10 partition functions, there is a linear relation:
which is the statement that the theory is self-dual under the Z 2A orbifold.
For comparison, we show the corresponding 10 twisted partition functions in the Ising CFT (we drop the superscript "Ising" below) [26] : 17 . This reflects the fact that the modular S and T matrices of the Baby Monster modules are the complex conjugates of those of the Ising CFT (see Appendix B.3).
Summary and Outlook
We end with a summary of our results and several open questions for future exploration.
Summary
• We showed that the fermionization of the (bosonic) Monster CFT with respect to Z 2A is the tensor product of a Majorana-Weyl fermion and the (fermionic) Baby Monster CFT.
• We introduced the defect McKay-Thompson series Z N as the Monster partition function twisted by the duality defect N , and showed that its coefficients can be decomposed into the dimensions of the 2.B irreps.
• The defect McKay-Thompson series Z N is invariant under Γ 0 (8) up to a sign. It is invariant under the congruence subgroup 16D 0 of P SL(2, Z) that is genus zero, index 24, and level 16 . We further showed that Z N cannot be the Hauptmodul of its invariance group inside P SL(2, R).
Open questions
• What is the full set of topological defect lines in the Monster CFT? What is the tensor category they form? The fusion subcategory consisting only of the invertible lines, or equivalently, the 't Hooft anomaly of the Monster group was studied in [47] .
• Our investigation of Z 2A has a natural generalization to Z pA with p a prime number dividing the order of the Monster group. For each such p, the Monster CFT is known to be self-dual under the Z pA orbifold [46, 29, 30, 48, 49] . 18 , which implies that the Monster CFT must have a duality defect belonging to a Z p Tamabara-Yamagami category. For each p, it would be interesting to determine which one of the two Z p Tamabara-Yamagami categories is realized, perhaps by identifying relations to Z p parafermions and realizing the N line in the parafermion theory.
• Conway and Norton [3] conjectured that every McKay-Thompson series is the unique Hauptmodul of a genus-zero subgroup of P SL(2, R). For example, the 2A series is the Hauptmodul of Γ 0 (2)+. One could ask whether the defect McKay-Thompson series Z N of Section 5 as well as the generalizations to Z pA boasts any interesting modular properties.
• Generally, given a bosonic theory B that is self-duality under a Z 2 orbifold, i.e. B = B/Z 2 , how do we determine the category of the corresponding duality defect N ? Which one of the two Z 2 Tamabara-Yamagami categories (i.e. the Ising category and the SU (2) 2 category) does it realize? In the Monster CFT, we determined the category to be the Ising category via the free fermion sector in the fermionized theory.
• Can other bilinear relations, such as the ones discussed in [50, 42, 51, 52] , be understood in terms of (analogs of) bosonization/fermionization? insertion of a topological defect line η (for Z 2A ) extended along the time direction. In both the original or defect Hilbert spaces, the states are be separated into Z 2A -even/odd sectors, and thus we have four sectors H ± , H ± η . Under OPE, the Z 2A -even operators of H + form a VOA V 00 , and each of the other three sectors forms a V 00 -module, which we denote by V 01 , V 10 , and V 11 , respectively (in the notation of [11] ). Due to the self-duality (4.4), we have V 01 ∼ = V 10 whose primary has conformal weight 2. Finally, the primary of V 11 has conformal weight 1 2 , which is the free Majorana-Weyl fermion. To make clear the following discussion of the relation to the Baby Monster VOA, we denote these modules by V Monster 0 , V Monster 2 , and V Monster The characters for the various modules defined above have the following closed forms: 
B.2 Modules and Characters of the Baby Monster
The twisted modules of the Monster VOA have the following decomposition into the modules of the Baby Monster and Ising VOAs [11] : 
(B.4)
The h = 0 and h = 3 2 modules each can be decomposed into irreps of the Baby Monster group B, while the h = 31 16 module can be decomposed into the projective representations of B (i.e. they are irreps of 2.B but not of B) [11] .
B.3 Modular Properties
The characters for the irreducible modules of the Baby Monster VOA form a three-dimensional representation of the modular SL(2, Z). More precisely, if the Ising characters transform under the representation R of SL(2, Z), then the Baby Monster characters transform in the complex conjugate representationR. The S and T matrices for the Ising and the Baby Monster VOAs can be written uniformly as (C.1) What is the Z 2B fermionization of the Monster CFT?
The Z 2B fermionization turns out to be the "Beauty and the Beast" N = 1 SCFT constructed in [5] . In fact, their construction in the context of VOA is exactly the fermionization procedure. We will check this at the level of the torus partition function below.
The modular S transformation of (C.1) gives the partition function of the defect Hilbert space associated with Z 2B : Z 2B (τ ) = Tr H 2B q h−c/24 = 2 12 η(τ ) 24 η(τ /2) 24 + 24 = 24 + 4096q 1/2 + 98304q + 1228800q 3/2 + 10747904q 2 + O(q 5/2 ) . D The Invariance Group of Z N in Γ 0 (8)
In the beginning of Section 4.3, we established that Z N transforms under Γ 0 (8) only by ±1.
As discussed there, the invariance group Γ N of Z N in Γ 0 (8) is the set of words composed of T, G 1 , G 2 in (4.15) with an even number of G 1 . 19 From this definition, it is clear that Γ N is an index-2 normal subgroup inside Γ 0 (8). where the superscripts are defined modulo 2.
Now
Since T ∈ Γ 0,0 , G 1 ∈ Γ 0,1 , G 2 ∈ Γ 1,0 , it is clear that Γ N ≤ Γ 0,0 ∪ Γ 1,0 . But since Γ N is an index-2 normal subgroup inside Γ 0 (8), it must be that Γ N = Γ 0,0 ∪ Γ 1,0 . Hence we have shown that Γ N indeed has the description (4.17).
